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ABSTRACT 
 
Time domain reflectometry (TDR) is a well-established electromagnetic technique used 
to estimate in situ soil water content, and thermo-TDR is an extension of the traditional TDR, 
which can measure both soil water content and thermal properties. Tangent line methods and 
adaptive waveform interpretation with Gaussian filters (AWIGF) are used in traditional TDR 
waveform analysis. However, due to the short probe design of thermo-TDR, those methods 
may not perform well.  
In this thesis, we present an alternative method in TDR waveform analysis based on the 
second order bounded mean oscillation (BMO) operator. Numerical analysis and laboratory 
calibration tests show that the second order BMO can return reasonable results compared 
with tangent line methods and AWIGF. Second order BMO analysis also performs well for 
some challenging waveforms. The second order BMO method is not totally automatic due to 
the large variation of TDR waveforms, and manual adjustment of some parameters is 
necessary. A MATLAB program of the implementation of second order BMO method is 
developed, and instructions for users of the program is also provided. The results show that 
second order BMO is a valid alternative method for TDR waveform analysis. 
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CHAPTER 1. GENERAL INTRODUCTION 
This chapter provides a general introduction to time domain reflectometry (TDR) theory 
and presents available analysis methods. Problems of analyzing TDR waveform data are 
introduced and the objectives of this study are stated. The final section of this chapter details 
the organization of the thesis. 
Time Domain Reflectometry 
Soil water content in the surface layer is of interest to many hydrological, environmental 
and agricultural problems. Surface layer soil water content connects to environmental 
problems, such as soil erosion and nutrition leaching (G. W. Musgrave, 1935; Hatfield et al., 
2001); the evaporation and condensation of soil water influence surface energy balance 
(Gowda et al., 2013); and agricultural concerns, such as soil salinity or plant water 
competition are also related to soil water content (Jorenush and Sepaskhah, 2003; M.C.S. 
Wopereis, 1994). 
Time domain reflectometry (TDR) is a method that can estimate soil water content and 
soil bulk electrical conductivity (EC) nondestructively and continuously (Topp et al., 1980; 
Robinson et al., 2003). The TDR measurements can be divided into two steps, one is to 
estimate the relative permittivity (dielectric constant) of bulk soil, and the other is to relate 
the relative permittivity to other parameters like soil water content. The success of TDR is 
based on the fact that water has a dielectric permittivity much larger than those of other soil 
components (Robinson et al., 2003; Greco 2006). 
A transmission line forms the TDR sensor, and it measures the propagation velocity of a 
voltage signal pulse. This voltage signal is usually a step function with frequency equals to 
20 kHz or 1.5 GHz (Heimovaara, 1994). By applying a voltage signal between the 
transmission lines, the signal propagates along the transmission line and is reflected back at 
the end of the sensor. The reflected signal is sampled in the TDR device using the quantity 
reflection coefficient. By plotting the reflection coefficient with respect to time (TDR 
waveform) and determining the time when the signal enters and leaves the TDR probe, the 
propagation time t can be calculated and the relative permittivity εr can be determined as 
εr = (
𝑐𝑡
2𝑙
)
2
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[1.1] 
where 𝑐 is the speed of light and 𝑙 is the length of the TDR sensor (Topp et al.,1980). The 
relationship between εr and volumetric water content θV can be determined with a calibration 
curve or empirical function. Thus, the goal and challenge of a TDR measurement is to 
accurately determine the propagation time from the TDR waveform. 
Traditional Analysis Methods 
A typical TDR waveform is shown in Fig. 1.1.  
 
Figure 1.1. A waveform obtained in Ida loam with water content θV = 0.138. The horizontal 
axis is time in nanoseconds, and the vertical axis is the reflection coefficient. 
 
The propagation time is marked as between the starting time 𝑡1 and the ending time 𝑡2, 
corresponding to the times that the step signal enters and leaves the sensor. The time steps  𝑡1 
and 𝑡2 are referred to as the first reflection position and the second reflection position. 
Usually 𝑡1 is associated with a spike and a change of slope of dramatic decrease of the 
waveform, and 𝑡2 is associated with a point where the waveform begins to increase. The 
determination of  𝑡1 and 𝑡2 is based on geometrical properties of a TDR waveform. The 
propagation time can be obtained as 
𝑡 = 𝑡2 − 𝑡1 
 3 
[1.2] 
A TDR sensor is the major factor that influences the position of  𝑡1. And usually, if the 
TDR sensor is provided, 𝑡1 is a constant value for repeated measurements. There are two 
kinds of tangent line methods commonly used to determine 𝑡1. Since 𝑡1 is usually associated 
with a spike, Baker and Allmaras, (1990), Evett, (2000) and Or et al., (2004) proposed that 
the 𝑡1 can be determined by drawing lines tangent to the maximum increasing point before 
the spike and maximum decreasing point after the spike, and use the intersection of the two 
tangent lines to evaluate 𝑡1. The other common method is to determine the intersection of a 
tangent line obtained before the spike and the base line (the horizontal portion at the left end 
of the TDR waveforms) 𝑡𝑏, and add a particular off-set 𝑡𝑐, then 𝑡1 = 𝑡𝑏 + 𝑡𝑐 (Heimovaara, 
1993; Evett, 2000). Two calibration in pure water and in dry air, can be used to determine the 
𝑡𝑐 and effective length of the TDR sensor. An example displaying of the two common used 
methods for determining 𝑡1 is shown in Fig. 1.2. 
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Figure 1.2. A waveform of Ida loam with water content θV = 0.138. In tangent line 
intersection method (a), 𝑡1 = 0.843 𝑛𝑠; in base line method (b), 𝑡𝑏 = 0.625 𝑛𝑠, the off-set is 
set as 𝑡𝑐 = 0.209 𝑛𝑠, and 𝑡1 = 0.843 𝑛𝑠. 
 
The tangent line methods (Or et al., 2004; Evett, 2000) and adaptive waveform 
interpretation with Gaussian filters (AWIGF) (Schwartz et al., 2013) are two available 
methods used for TDR waveform analysis to determine 𝑡2. There are two commonly used 
software packages based on the tangent line methods. 
Tangent line methods involves drawing two tangent lines along the TDR waveform and 
using the intersection to determine the position of 𝑡2. The history of using tangent line 
method goes back to Topp et al., (1980), who presented an empirical relationship between 
relative permittivity and soil volumetric water content. There are two variations of tangent 
line methods, flat line method and slope line method, with one numerical correction with 
linear regression (Or et al., 2004; Evett, 2000). For the flat line method, one tangent line is 
taken at the local minimum point (𝑡𝑚𝑖𝑛) after 𝑡1, and the other tangent line is taken at the 
point with maximum first order derivative after 𝑡𝑚𝑖𝑛 (the second inflection 𝑡𝑉𝑚𝑎𝑥2). For the 
slope line method, one tangent line is taken on the anchor point 𝑡𝑎 between 𝑡1 and 𝑡𝑚𝑖𝑛; 
usually the distance between 𝑡𝑎 and 𝑡1 is set twice as much as the distance between 𝑡𝑎 and 
 5 
𝑡𝑚𝑖𝑛 as the default value. The other tangent line is taken on the second inflection, 𝑡𝑉𝑚𝑎𝑥2. 
Usually the slope line method needs a correction with linear regression, which is another 
kind of analysis in TACQ (Evett, 2000), where a tangent line is taken at the second inflection, 
𝑡𝑉𝑚𝑎𝑥2, and a regression line is taken with a swath of points between 𝑡1 and 𝑡𝑉𝑚𝑎𝑥2. The 
intersection between the tangent line and linear regression line is used to determine 𝑡2. The 
results of the tangent line methods in determining the 𝑡2 is shown in Fig. 1.3. 
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Figure 1.3. A waveform of Ida loam with water content θV = 0.138. The 𝑡1 is fixed as 
𝑡1 = 0.834 𝑛𝑠. In the flat line method (a), 𝑡2 = 1.45 𝑛𝑠; in the slope line method (b), 
𝑡2 = 1.34 𝑛𝑠; and in the linear regression correction method, 𝑡2 = 1.52 𝑛𝑠. 
 
Adaptive waveform interpretation with Gaussian filters (AWIGF) is a method newly 
proposed by Schwartz et al. (2013). AWIGF first uses an adaptive Gaussian filter to smooth 
the TDR waveforms and then takes the second order derivative of the waveform. If the point 
with maximum second order derivative 𝑡∗ occurs after 𝑡0, then 𝑡∗ is taken as 𝑡2; if  𝑡∗ occurs 
before 𝑡0, then  𝑡0 is taken as 𝑡2. An example of using AWIGF to analyze a TDR waveform 
is shown in Fig. 1.4. 
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Figure 1.4. A TDR waveform of Ida loam with water content θV = 0.14. The 𝑡1 is fixed as 
𝑡1 = 0.71 𝑛𝑠, and the 𝑡2 determined with AWIGF is  𝑡2 = 1.43 𝑛𝑠. The figures show: (a) the 
waveform and 𝑡2; (b) the second order derivative with AWIGF and 𝑡2. 
Practical Questions and Objectives 
Traditional TDR sensors have relatively long transmission probes (>200 mm). The 
relatively long probes avoid multiple reflection effects on the waveforms. However, the 
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thermo-TDR is a sensor with short TDR probes (40 mm), which measures both soil water 
content and thermal properties. Thermal property measurements require short probe length, 
for the distortion of the probe may influence the measurement. The probe length of the 
thermo-TDR sensor is a compromise between TDR measurements and heat pulse probe 
measurement (Ren et al. 1999). 
The traditional analysis methods will give biased results when applied to thermo-TDR 
waveforms, particularly for the short TDR sensor placed in soil with low permittivity. Due to 
limited TDR resolution, the reflection of the step pulse entering the soil is close to or 
superimposed on the reflection at the termination of the probe. Interactions of these two 
reflections may disturb the waveform around 𝑡2. Thus, traditional methods for determining 𝑡2 
are challenging, and an alternative method is necessary.  
In this thesis, we propose a new analysis method based on second-order bounded mean 
oscillation (BMO). The objectives of the study are (i) to develop an algorithm for second-
order (BMO) and (ii) to discuss the advantages and disadvantages of second order BMO by 
showing examples of using the second order BMO method to analyze measured waveforms. 
Organization of the Thesis 
Following this introduction chapter, the thesis is organized into three chapters. Chapter 2 
provides a general theory of TDR waveform analysis with second-order BMO and provides a 
comparison between second order BMO, tangent line method and AWIGF. Chapter 3 
presents an instruction manual for a numerical implementation of second-order BMO using 
MATLAB. Chapter 4 gives a general conclusion and a recommendation for future study. 
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Abstract 
Tangent line methods and adaptive waveform interpretation with Gaussian filtering 
(AWIGF) have been proposed for determining reflection positions of time domain 
reflectometry (TDR) waveforms. However, the accuracy of those methods is limited for short 
probe TDR sensors. Second order bounded mean oscillation (BMO) may be an alternative 
method to determine reflection positions of short probe TDR waveforms. For this study, an 
algorithm of second order BMO is developed. Example waveforms are analyzed with tangent 
line methods, AWIGF method and second order BMO, to illustrate the difference among the 
three methods. For some waveforms, second order BMO appears be able to give more 
plausible results. Automatic implementation was challenging for the second order BMO. 
With second order BMO, it is difficult to set a default threshold suitably for all TDR 
waveforms. Thus, manual adjustment may be required to select suitable threshold for second 
order BMO analysis. 
Abbreviation 
AWIGF; adaptive waveform interpretation with Gaussian filtering, BMO; bounded mean 
oscillation, TDR; time domain reflectometry 
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Introduction 
Time domain reflectometry (TDR) is a well-established electromagnetic technique used 
to estimate in situ soil water content nondestructively and continuously (Noborio, 2001). 
TDR waveforms can be obtained by measuring the change of reflection coefficient with 
respect to time. TDR waveform analysis, i.e., determining the first reflection position (𝑡1) 
and second reflection position (𝑡2), is the crucial step in determining the soil water content. 
Tangent line methods are widely used in TDR waveform analysis. There are two variations 
of tangent line methods commonly used to determine 𝑡2, i.e., flat line method and slope line 
method (Or et al., 2004;Evett, 2000). For given TDR waveforms, two tangent lines are 
determined at specific points, and the intersections of the two tangent lines are used to 
estimate the reflection positions. One of the tangent lines is determined at the point with the 
maximum derivative after 𝑡1 (i.e., second inflection of a waveform, 𝑡𝑉𝑚𝑎𝑥2) for both methods. 
The other tangent line is taken at the local minimum point (𝑡𝑚𝑖𝑛) of the waveformin the flat 
line method, and in the slope line method, it is taken at a pre-specified anchor point between 
𝑡1 and 𝑡𝑚𝑖𝑛. When using automatic analysis for a set of TDR waveforms with tangent line 
methods (e.g.,winTDR), either the flat line method or the slope line method with a pre-
specified anchor point is applied to all of the waveforms. That non-adaptive travel time 
analysis may lead to errors in correctly identifying 𝑡2 for some TDR waveforms because of 
the variety of TDR reflection features caused by variation in soil mineralogy, salinity, water 
content, and individual probe characteristics. Particularly when 𝑡𝑚𝑖𝑛 locates nearer to 𝑡1 than 
to 𝑡2, tangent line methods will usually underestimate 𝑡2. That effect can be observed from 
measurements with short probes at low permittivity. A correction for tangent line methods by 
using linear regression based on a swath of points between 𝑡1 and 𝑡𝑉𝑚𝑎𝑥2 has been used 
(Heimovaara and Bouten, 1990; Evett, 2000). However, this procedure can frequently 
produce errors in identifying 𝑡2 and manually checking each waveform and analysis result is 
recommended to ensure accuracy of the results. 
Thermo-TDR sensors developed by Ren et al. (1999) have been used in a wide variety of 
studies (Ren et al., 2003; Ren et al. 2005; Liu et al. 2014). Thermo-TDR sensors can measure 
thermal properties as well as soil water content. The thermo-TDR sensor is a combination of 
dual probe heat pulse technique (Campbell et al., 1991) and TDR probes. To make accurate 
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heat pulse measurements, thermo-TDR sensors tend to have short probes. TDR waveforms 
measured with short probes may be affected by individual sensors or soil properties. For 
short TDR-probes placed in soil with low permittivity, the reflection caused by the change in 
impedance as the step pulse enters the soil is close to or partially superimposed upon the 
reflection at the termination of the probe (due to limited TDR resolution). Consequently, the 
local minimum and the shape of the waveform baseline prior to and after this minimum can 
be influenced by the interaction of these two reflections. Automatic analysis of short probe 
TDR waveforms with tangent line methods is therefore challenging, and an alternative 
algorithm is desired which can make analysis more reliable. 
A reevaluation of the TDR second reflection position is proposed by Schwartz et al. 
(2013). An adaptive waveform interpretation with Gaussian filtering (AWIGF) algorithm is 
used to smooth (removes noise) the waveform. Under certain conditions, the local maximum 
of the second order derivative of the smoothed waveform is used to determine 𝑡2. However, 
for short probes under conditions of low media permittivity, AWIGF is subject to errors 
because the shape of the waveform in the vicinity of the second reflection differs 
substantially from waveforms acquired from longer probes. For instance, the maximum 
second order derivative of waveforms acquired with short probes can occur prior to the 
minimum in low-loss media, which is converse to the response observed in longer probes 
where the initial and final reflections are well separated. Waveforms measured in a low 
permittivity medium with short probes can exhibit multiple, strong reflections near 𝑡2, such 
that the true 𝑡2 may not correspond to a larger change of the waveform comparing with those 
multiple reflections. These multiple reflections, which can be closely spaced, are smoothed 
by the AWIGF filter and this operation may not preserve the position of the second order 
derivative maxima associated with 𝑡2. Therefore, it is necessary to develop a more sensitive 
method in evaluating 𝑡2 of waveforms suitably for short probes (<50 mm). In this paper, a 
second order bounded mean oscillation (BMO) method for TDR waveform analysis is 
proposed. Second order BMO tends to determine the non-smooth changes of the slope in the 
TDR waveforms, where the first order derivative of the waveforms has a jump discontinuity, 
instead of searching the local maximum of second order derivative. The physical assumption 
for second order BMO is that the electromagnetic wave passing through a conjunction of 
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conductance with different relative permittivity will lead to a non-smooth change in the 
reflection coefficient (ρ) of a TDR waveform. At a non-smooth change, the second order 
BMO reaches a local maximum. Therefore, it is possible to determine the reflection positions 
by tracing the positions of the local maxima of the second order BMO. Compared with the 
linear regression in tangent line method, second order BMO tends to use the waveform data 
in local intervals near the reflection positions to determine the reflection positions. That may 
reduce the influence from other portions of waveforms, particularly when the permittivity of 
the medium is not constant, or when the travel time between 𝑡1 and 𝑡2 is short relative to the 
rise time of the step pulse. Second order BMO also has an ability to reduce the influence of 
noise. Thus, an additional smoothing pretreatment may not be necessary when analyzing 
TDR waveforms with second order BMO. 
 The objectives of this work are, (1) to develop an algorithm for second order BMO, 
and (2) to discuss the advantages and disadvantages of second order BMO by showing 
examples of using the second order BMO method to analyze measured waveforms. 
Theory 
TDR waveform 𝑢(𝑥) can be considered as a function of reflection coefficient. The 
bounded mean oscillation (BMO) quantity (Stein, 1993) of a 𝑢(𝑥) can be defined as, 
𝐵𝑀𝑂(𝑢, 𝑥, 𝑟) =
1
|𝑄(𝑥, 𝑟)|
∫ |𝑢(𝑦) −
1
|𝑄(𝑥, 𝑟)|
∫ 𝑢(𝑧)𝑑𝑧
𝑄(𝑥,𝑟)
| 𝑑𝑦
𝑄(𝑥,𝑟)
 
                  [2.1] 
where Q is any cube whose sides are parallel to the coordinate axes; 𝑥 is the point where the 
BMO operator is taken; 𝑟 is the radius of the local interval centered at 𝑥; 𝑦 and 𝑧 are the 
integral variables. It can be used to describe the jump discontinuities of a waveform (Zhang, 
1996, Chen et al., 2010). An example for BMO is the one-dimensional step function 
𝑓(𝑥) = {
1 ,   𝑥 ≥ 0
0 ,   𝑥 < 0
 
[2.2] 
There is a jump discontinuity of the function 𝑓(𝑥) at 𝑥 = 0. The BMO will assign the 
constant portions of the function to 0, and assign the jump discontinuity into an impulse 
function (Fig. 2.1). 
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Figure 2.1. BMO operated on a step function 
 
An integral approximation for the modulus of gradient was defined by Chen et al. (2013). 
Such an approximation in one dimensional space is represented as the following 𝑍 operator, 
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𝑍(𝑢, 𝑥, 𝑟)  =  
1
𝑟2
∫ |𝑢(𝑥 + 𝑦) −
1
2𝑟
∫ 𝑢(𝑥 + 𝑧) 𝑑𝑧
𝑟
−𝑟
| 𝑑𝑦
𝑟
−𝑟
 
[2.3] 
where 𝑢(𝑥) is integrable for a given open and bounded interval in one dimensional space (see 
Appendix I). By using the approximation of gradient in Eq. [2.3], the second order BMO is 
defined as 𝑍2(𝑢, 𝑥, 𝑟) 
𝑍2(𝑢, 𝑥, 𝑟)  =  
1
𝑟2
∫ |𝑍(𝑢, 𝑥 + 𝑦, 𝑟) −
1
2𝑟
∫ 𝑍(𝑢, 𝑥 + 𝑧, 𝑟) 𝑑𝑧
𝑟
−𝑟
| 𝑑𝑦
𝑟
−𝑟
 
[2.4] 
The numerical scheme for the approximation of gradient in Eq. [2.3] can be expressed as, 
|𝑍(𝑢, 𝑥0, 𝑟)| =
1
𝑛2ℎ
∑ |𝑢(𝑥0  +  𝑖ℎ)  −  
1
2𝑛
∑ 𝑢(𝑥0  +  𝑗ℎ)
𝑛
𝑗 = −𝑛
|
𝑛
𝑖=−𝑛
 
[2.5] 
where ℎ is the sampling interval of a TDR waveform; 2𝑛 +  1 is the number of sampling 
points within the interval centered at 𝑥0 with radius equal to 𝑟, and 𝑟 =  𝑛ℎ. A discrete 
expression for the 𝑍2(𝑢, 𝑥, 𝑟) can be obtained by using Eq. [2.5] twice.  
Suppose that a TDR waveform 𝑢(𝑥) contains additive noise 𝜀~𝑛𝑖𝑑(0, 𝜎2), then the 
magnitude of variances of gradient and second order BMO of the given waveform caused by 
the noise 𝜀, i.e., 𝑣𝑎𝑟| 𝑍 ( 𝑢, 𝑥0, 𝑟 )|𝜀and 𝑣𝑎𝑟|𝑍
2( 𝑢, 𝑥0, 𝑟 )|𝜀,can be estimated by, 
𝑣𝑎𝑟|𝑍(𝑢, 𝑥0, 𝑟)|𝜀 ~ 
1
𝑛
𝜎2 
𝑣𝑎𝑟|𝑍2(𝑢, 𝑥0, 𝑟)|𝜀 ~ 
1
𝑛2
𝜎2 
                   [2.6] 
for fixed 𝑟 and 𝑛 →  ∞.These equations show that as the number of sampling points 
increases, the magnitude of variance of the gradient and second order BMO caused by noise 
is reduced (see Appendix I). Thus, the numerical scheme of second order BMO is stable, and 
the effect of noise can be controlled. 
After taking the second order BMO of the original TDR waveforms, a default threshold 
is used to eliminate small values of second order BMO. A numerical model can be used to 
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identify the local maxima of second order BMO which exceed a pre-specified threshold. 
Thus, only the large peaks (local maxima) are used to determine the reflection positions. 
Smoothing pretreatments by a moving average filter or a Savitsky-Golay filter have been 
used for automatic TDR waveform analysis. AWIGF is also defined as an adaptive 
pretreatment before taking the second derivative of the TDR waveforms. However, a 
potential risk for such linear neighborhood filters is that the second reflection positions may 
be blurred or removed during smoothing. Thus, a non-linear adaptive method based on the 
Perona-Malik (Peronaand Malik, 1987) model is used to smooth the waveforms and sharpen 
the reflection positions (see Appendix II) in the second order BMO method. The second 
order BMO method has an ability to constrain the effect of noise. Thus, the Perona-Malik 
model can be simply used as an optional choice to increase the accuracy for some 
challenging waveforms. 
Materials and Methods 
TDR measurements were made with thermo-TDR probes designed by Ren et al. (1999). 
The probes had three 40 mm long and 1.3 mm diameter stainless steel waveguides with 6 
mm spacing. The probes were connected via 75 ohm coaxial cables (RG-187A/U, velocity 
fraction of propagation is 0.695) to a Tektronix 1502B cable tester (Tektronix Inc., Beaverton, 
OR). For soil experiments, TDR waveforms were measured at several water contents on 
three soils, Nicollet sandy clay loam (fine-loamy, mixed, superactive, 
mesicAquicHapludolls), Ida silt loam (fine-silty, mixed, superactive, calcareous, 
mesicTypicUdorthents), and Hanlon sand (coarse-loamy, mixed, superactive, 
mesicCumulicHapludolls). The bulk densities of the Nicollet, Ida, and Hanlon soils were 
1.2 g cm−3, 1.2 g cm−3, and 1.6 g cm−3, respectively. The observed TDR waveforms were 
analyzed with second order BMO, winTDR (Or et al., 2004), and AWIGF method (Schwartz 
et al., 2013). The results of second reflection position, 𝑡2, were compared among the three 
methods. A MATLAB® (MathWorks, Inc., Natick, MA) program for second order BMO is 
available on http://soilphysics.agron.iastate.edu/Research/Modeling/BMO.html. 
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Result and Discussion 
(i) Comparison between second order BMO and tangent line method (winTDR) 
 
Figure2.2. TDR waveforms with 𝑡2 determined by second order BMO and by flat line and 
slope line methods.The minimum point was closer to 𝑡1 than to the 𝑡2. (a) Waveform of 
Nicollet sandy clay loam with water content of 0.15 m3m−3. (b) Waveform of Hanlon sand 
with water content of 0.08 m3m−3. 
 
Figure 2.2.-a shows a waveform of Nicollet sandy clay loam with water content of 
0.15 m3m−3. The first reflection position, 𝑡1, is fixed as 0.694 ns. Both second order BMO 
and flat line method are used to estimate the second reflection position, 𝑡2. The value of 𝑡2 
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given by the flat line method is 1.328 ns. The value of 𝑡2 given by second order BMO is 
1.428 ns. The relative permittivity values for flat line method and second order BMO are 
5.64 and 7.57, respectively. One reason for the different values of 𝑡2 seems to be the low 
relative permittivity of the soil. The waveform drops down immediately after 𝑡1, such that the 
minimum point, 𝑡𝑚𝑖𝑛, locates closer to 𝑡1 than to 𝑡2. Thus, the horizontal line tangents to 
tmin may not be related to 𝑡2. Compared to the flat line method, the second order BMO 
method may provide a more plausible result for 𝑡2. 
Figure 2.2.-b shows a waveform of Hanlon sand with water content of 0.08 m3m−3. 𝑡1is 
fixed as 1.081 ns. Second order BMO and slope line method (with linear regression 
correction) are used to estimate 𝑡2. The value of 𝑡2 given by the slope line method is 1.815 ns. 
The value of 𝑡2 given by the second order BMO is 1.701 ns. The relative permittivity values 
for slope line method and second order BMO are 7.55 and 5.40, respectively. When the 
linear regression correction for the slope line method is used, a swath of waveform data 
between 𝑡1 and 𝑡2 is sampled to make the regression line. If the relative permittivity of the 
medium is not constant along the probe, the regression line may not follow the trend of the 
waveform. However, the second order BMO method focuses on a local interval around 𝑡2 to 
determine its position. Compared to the slope line method, the second order BMO method 
may give a more plausible result for 𝑡2. 
(ii) Comparison between second order BMO and AWIGF method. 
 19 
 
Figure 2.3. TDR waveforms with 𝑡2 determined by second order BMO and by AWIGF 
methods. Each row shows waveform (reflection coefficient) with values of 𝑡2 determined 
with second order BMO and AWIFG; second order BMO with corresponding 𝑡2 (red line), 
and second order derivative using AWIFG with maximum value point (red circle) and 
corresponding 𝑡2 (red line), respectively. (a) Waveform of Ida silt loam with water content of 
0.14 m3m−3; (b) Waveform of Ida silt loam with water content of 0.13 m3m−3; (c) 
Waveform of Ida silt loam with water content of 0.37 m3m−3. 
 
Figure 2.3. shows three waveforms of Ida silt loam. The second order BMO and the 
AWIGF method are used to estimate the second reflection position 𝑡2. Fig. 2.3.-a shows a 
waveform of Ida silt loam with water content of 0.14 m3m−3.The 𝑡1 is fixed as 0.707 ns. The 
value of 𝑡2 given by second order BMO is 1.461 ns. The value of 𝑡2 given by AWIGF 
method is 1.434 ns. The relative permittivity values for the two methods are 7.98 and 7.43, 
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respectively. Thus, Fig. 2.3-a shows that for this waveform, and in fact for most waveforms, 
second order BMO and AWIGF method provide similar results. Fig. 2.3.-a also shows that 
second order BMO provides sharper peaks than those from AWIGF method. Having sharper 
peaks may in some cases allow second order BMO to be a more sensitive method than 
AWIGF method. 
Figure 2.3.-b shows a waveform of Ida silt loam with water content of 0.13 m3m−3. The 
𝑡1 is fixed as 0.834 ns. The result of 𝑡2 given by second order BMO is 1.554 ns. The result of 
𝑡2 given by AWIGF method is 1.248 ns. The relative permittivity values for those two 
methods are 7.28 and 2.41, respectively. The reason that the small relative permittivity value 
was obtained by AWIGF method is that it selects the 𝑡𝑚𝑖𝑛 as 𝑡2 if the maximum second order 
derivative value occurs before 𝑡𝑚𝑖𝑛. It is reasonable to select 𝑡𝑚𝑖𝑛 as 𝑡2 for long TDR probe 
waveforms, when 𝑡𝑚𝑖𝑛 and 𝑡2 are similar. However, for short probe waveforms, 𝑡𝑚𝑖𝑛 is 
closer to 𝑡1 than to 𝑡2. Thus, choosing 𝑡𝑚𝑖𝑛 as 𝑡2 may underestimate the actual 𝑡2 value. The 
second order BMO method is able to detect the non-smooth change after 𝑡𝑚𝑖𝑛 and assign a 
plausible value to 𝑡2. 
 Figure 2.3.-c shows a waveform of Ida silt loam with water content of 0.37 m3m−3. 
The 𝑡1 is fixed as 0.720 ns. The value of 𝑡2 given by second order BMO is 2.081 ns. The 
value of 𝑡2 given by AWIGF method is 1.561 ns. The relative permittivity values for the two 
methods are 26.01 and 9.93, respectively. The reason for the small relative permittivity value 
estimated with AWIGF is because of the smoothing of the high frequency content of the 
waveform, the concomitant identification of the maximum second order derivative prior to 
the local minimum, and the consequent positioning of 𝑡2 at 𝑡𝑚𝑖𝑛. For this type of waveform, 
over-smoothing is shown as a drawback of AWIGF. Second order BMO is more sensitive to 
non-smooth changes than AWIGF, because the smoothing pretreatment is not necessary with 
second order BMO. 
(iii) Challenge for second order BMO 
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Figure 2.4. An example showing different values of 𝑡2 with strong multiple reflections and 
irregular local maxima of BMO. The waveform is from Nicollet sandy clay loam at water 
content of 0.15 m3m−3. The two values of 𝑡2 are 1.441 ns and 1.715 ns. 
 
Second order BMO fails to provide effective automatic analysis. To do automatic 
analysis, a proper pre-defined threshold for identifying local maxima of second order BMO is 
needed. The appearance of irregular (multiple) local maxima of second order BMO around 𝑡2 
may lead to troubles in identifying the true 𝑡2. Fig. 2.4. shows that the position of 𝑡2 can be 
altered by setting different thresholds. However, it is difficult to set a general threshold works 
for all variations of TDR waveforms. Thus, manual adjustment is required to select the 
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thresholds and 𝑡2. The calibration in liquids with known relative permittivity is 
recommended to set correct thresholds and 𝑡2. 
Summary 
Second order bounded mean oscillation (BMO) is a physically based method. A 
numerical scheme for second order BMO quantity was developed to analyze short probe 
TDR waveforms. There are two difficulties in evaluating 𝑡2 for short probe TDR waveforms. 
The first difficulty is that the 𝑡𝑚𝑖𝑛 sometimes locates nearer to 𝑡1 than to 𝑡2, because of the 
low permittivity of the soil samples. The second difficulty is that for some waveforms, 𝑡2 
may correspond to a non-smooth change of the waveform among multiple reflections. The 
first difficulty may cause the tangent line method to wrongly pick the tangent point, and, also, 
it may cause the AWIGF method to improperly select 𝑡𝑚𝑖𝑛 as 𝑡2. The second difficulty may 
cause the AWIFG method to fail to preserve the position of 𝑡2 during smoothing and 
consequently bias the estimation of 𝑡2. Because second order BMO is a local (neighborhood) 
operator sensitive to non-smooth changes, and in general, it does not require a smoothing 
pretreatment, it may be able to overcome these difficulties. However, total automatic 
implementation of second order BMO is difficult. The threshold, which is used to eliminate 
small values of second order BMO, cannot be set suitably for all of the different kinds of 
waveforms. Thus, manual adjustment of the threshold is required. 
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APPENDIX I 
Proofs of two statements in the note are provided. Proposition 1 is provided to prove that 
the approximation in Eq. [2.3] will converge to gradient. Proposition 2 is provided to prove 
the stability of estimations of the magnitude of the gradient and second order BMO from a 
TDR waveform in Eq. [2.6] with random noise by using Eq. [2.3], [2.4] and [2.5].  
Proposition 1 Let Ω ∈ ℝ1 be open and bounded. Suppose that the waveform 𝑢 has finite 
integral and its derivative has finite integral, then for almost everywhere in Ω 
lim
𝑟→0+
1
𝑟2
∫ |𝑢(𝑥 +  𝑦)  −  
1
2𝑟
∫ 𝑢(𝑥 +  𝑧)𝑑𝑧
𝑟
−𝑟
| 𝑑𝑦
𝑟
−𝑟
= |𝛻𝑢(𝑥)| 
where 𝛻𝑢(𝑥) = 𝑢′(𝑥) is the gradient of 𝑢(𝑥) in ℝ1. 
Proof 
The proof of proposition 1 follows the triangle inequality. First, for 𝑥 ∈ Ω, 
1
r2
∫ |u′(x)y|dy
r
−r
= |u′(x)| and 
1
r2
∫ u′(x)ydy
r
−r
= 0 hold almost everywhere. Then we have 
|
1
𝑟2
∫ |𝑢(𝑥 +  𝑦)  −  
1
2𝑟
∫ 𝑢(𝑥 +  𝑧)𝑑𝑧
𝑟
−𝑟
| 𝑑𝑦
𝑟
−𝑟
– |𝛻 𝑢(𝑥)||
=
1
𝑟2
|∫ [|𝑢(𝑥 +  𝑦)  −  
1
2𝑟
∫ 𝑢(𝑥 +  𝑧)𝑑𝑧
𝑟
−𝑟
|  −  |𝑢′(𝑥)𝑦|] 𝑑𝑦
𝑟
−𝑟
|
≤
1
𝑟2
∫ |𝑢(𝑥 +  𝑦)  − 
1
2𝑟
∫ 𝑢(𝑥 +  𝑧)𝑑𝑧
𝑟
−𝑟
− 𝑢′(𝑥)𝑦| 𝑑𝑦
𝑟
−𝑟
≤
1
𝑟2
∫ |𝑢(𝑥 +  𝑦)  −  𝑢(𝑥) − 𝑢′(𝑥)𝑦|𝑑𝑦
𝑟
−𝑟
                           
+  
1
𝑟2
∫ |
1
2𝑟
∫ [𝑢(𝑥 +  𝑧) −  𝑢(𝑥) − 𝑢′(𝑥)𝑧]𝑑𝑧
𝑟
−𝑟
| 𝑑𝑦
𝑟
−𝑟
≤
1
𝑟2
∫ |𝑢(𝑥 +  𝑦)  −  𝑢(𝑥) − 𝑢′(𝑥)𝑦|𝑑𝑦
𝑟
−𝑟
 
The last term above will go to zero as r → 0+, i.e., 
lim
r→0+
1
𝑟2
∫ |𝑢(𝑥 +  𝑦)  −  𝑢(𝑥) − 𝑢′(𝑥)𝑦|𝑑𝑦
𝑟
−𝑟
= 0 
Thus, proposition 1 is proven. 
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Proposition 2 Suppose that the TDR waveform 𝑢(𝑥) contains additive noise 𝜀~𝑛𝑖𝑑(0, 𝜎2) 
then the magnitude of variances of gradient and second order BMO of a given signal caused 
by noise 𝜀, i.e., 𝑣𝑎𝑟|𝑍(𝑢, 𝑥0, 𝑟 )|𝜀 and 𝑣𝑎𝑟|𝑍
2(𝑢, 𝑥0, 𝑟)|𝜀, can be estimated by, 
𝑣𝑎𝑟|𝑍(𝑢, 𝑥0, 𝑟)|𝜀 ~ 
1
𝑛
𝜎2 
𝑣𝑎𝑟|𝑍2(𝑢, 𝑥0, 𝑟)|𝜀 ~ 
1
𝑛2
𝜎2 
for fixed 𝑟 and 𝑛 → ∞. 
Proof 
By using the folded normal distribution with the numerical scheme in Eq. [2.5] and the 
distribution of random noise, the magnitude of variance of the gradient of the waveform         
𝑣𝑎𝑟|𝑍(𝑢, 𝑥0, 𝑟 )| can be estimated by 
𝑣𝑎𝑟|𝑍(𝑢, 𝑥0, 𝑟)|
=
1
𝑛2𝑟2
∑ 𝜇𝑗
2
𝑛
𝑗=−𝑛
 + 
2𝑛 +  1
𝑛2𝑟2
𝜎∗2
−
1
𝑛2𝑟2
∑ {√2 𝜋⁄ 𝜎∗ 𝑒𝑥𝑝(− 𝜇𝑗
2 2𝜎∗2⁄ )  +  𝜇𝑗[1 −  2𝛷(− 𝜇𝑗 𝜎
∗⁄ )]}
2
𝑛
𝑗=−𝑛
 
where 𝜇𝑗  =  𝑢(𝑥0  +  𝑗ℎ) −
1
2𝑛
∑ 𝑢(𝑥0  +  𝑘ℎ)
𝑛
𝑘=−𝑛 ;  𝜎
∗  =  √(4𝑛2 −  2𝑛 +  1) 4𝑛2⁄ 𝜎; 2n + 
1 is the number of sampling points; and 𝑟 =  𝑛ℎ is the radius of the integral in Eq. [2.2]. 𝑟 is 
set as a fixed value in the numerical analysis. For a given TDR waveform, μj is upper 
bounded, i.e.,0 ≤ |μj| ≤ M, and the above equation can be simplified as 
𝑣𝑎𝑟|𝑍(𝑢, 𝑥0, 𝑟)| ≤
1
𝑛2𝑟2
∑ 𝜇𝑗
2
𝑛
𝑗=−𝑛
 + 
2𝑛 +  1
𝑛2𝑟2
𝜎∗2 −
2𝑛 +  1
𝑛2𝑟2
2
𝜋
𝜎∗2
≤
2𝑛 + 1
𝑛2𝑟2
𝑣𝑎𝑟(𝑢) +
2𝑛 + 1
𝑛2𝑟2
(1 −
2
𝜋
) 𝜎∗2 ~ 
1
𝑛
𝑂(|𝛻𝑢|2 + 𝜎2) 
for fixed 𝑟 and 𝑛 → ∞.The variance, 𝑣𝑎𝑟|𝑍(𝑢, 𝑥0, 𝑟)|, has two parts, the variance of the 
signal due to the magnitude of gradient, 𝛻𝑢(𝑥), and the variance of the noise, 𝜎2, and 
𝑣𝑎𝑟|𝑍(𝑢, 𝑥0, 𝑟)|𝜀 ~ 
1
𝑛
𝜎2 
The variance of the second order BMO caused by noise can be estimated as  
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𝑣𝑎𝑟|𝑍2(𝑢, 𝑥, 𝑟)|𝜀  ~ 
1
𝑛2
𝜎2 
Thus, proposition 2 is proven. 
APPENDIX II 
In the second order BMO method, an adaptive smoothing treatment can be optionally 
applied to reduce the noise of the TDR waveforms. The goal of adaptive smoothing is that 
the constant and linear segments of the TDR waveforms are smoothed strongly, and the rest 
segments of the waveform are smoothed slightly. 
It was suggested that the difference between the original and smoothed waveforms 
corresponds to a particular kind of parabolic equation (Lindenbaum et al., 1994). For a linear 
smoothing process with Gaussian kernel, 𝐺ℎ, the parabolic equation can be represented as 
follows 
𝐺ℎ  ∗  𝑢0(𝑥)  −  𝑢0(𝑥) = ℎ
2𝛥𝑢0(𝑥) + 𝑜(ℎ
2),   𝑎𝑠   ℎ → 0+ 
𝐺ℎ  ∗  𝑢0(𝑥) =
∫ [𝑒𝑥𝑝(– |𝑦 − 𝑥|2 4ℎ2⁄ ) 𝑢0(𝑦) 4𝜋ℎ
2⁄ ]𝑑𝑦
ℎ
−ℎ
∫ [𝑒𝑥𝑝( – |𝑦|2 4ℎ2⁄ ) 4𝜋ℎ2⁄ ]𝑑𝑦
ℎ
−ℎ
 
[2.7] 
Perona and Malik (1987) extended the theory to nonlinear partial differential equations. 
Buades et al. (2006) showed that the behavior of neighborhood filters could be approximated 
asymptotically by the parabolic equations. Thus, selective neighborhood filters are equivalent 
to nonlinear Perona-Malik models. The general Perona-Malik evolutionary equation can be 
described as follows, 
𝑢𝑡 = 𝛻 ∙ [𝑔(|𝛻𝑢|)𝛻𝑢] 
[2.8] 
where 𝑢(𝑥)is a waveform, and g(|∇u|) is a non-negative monotonic decreasing function 
which takes the modulus of gradient as its independent variable. Physically, the reflection 
positions represent the change of electrical properties of the waveguide where the second 
order BMO value of TDR waveforms gets the local maxima. In order to preserve the 
reflection positions during smoothing process, Eq. [2.7] can be modified with another kernel, 
𝐾ℎ(𝑥) ∗ 𝑢0(𝑥) =
∫ 𝑓([𝑍(𝑢, 𝑥, 𝑟)]2 |𝑦 − 𝑥|2 4ℎ2⁄ )𝑢0(𝑦)𝑑𝑦
ℎ
−ℎ
∫ 𝑓([𝑍(𝑢, 𝑥, 𝑟)]2 |𝑦|2 4ℎ2⁄ )𝑑𝑦
ℎ
−ℎ
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[2.9] 
where 𝑓(𝑥) is a non-negative monotonic decreasing function. The corresponding Perona-
Malik model is shown as follows (Chen et al., 2013), 
𝑢𝑡 = 𝛻 ∙ (𝑔𝑛([𝑍(𝑢, 𝑥, 𝑟)])𝛻𝑢) 
[2.10] 
where the function 𝑔𝑛(𝑧) is, 
𝑔𝑛(𝑧) =
∫ 𝑓(𝑠2)𝑠𝑛+1𝑑𝑠
𝑧
0
2𝑛𝑧2 ∫ 𝑓(𝑠2)𝑠𝑛−1𝑑𝑠
𝑧
0
 
[2.11] 
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CHAPTER 3. NUMERICAL IMPLEMENT OF SECOND ORDER BMO METHOD 
WITH MATLAB: A INSTRUCTIONS 
 
TDR_2ND_BMO Toolkit is a MATLAB® (MathWorks, Inc.) based package that 
provides a way to analyze TDR waveforms. Second order bounded mean oscillation (BMO) 
is used as the algorithm to determine the reflection positions. An optional smoothing 
pretreatment based on a Perona-Malik model is also available in this toolkit. Users can obtain 
the toolkit from website http://soilphysics.agron.iastate.edu/Research/Modeling/index.html. 
For users who just want to use the toolkit, .fig file and .p file can be downloaded. For users 
who want to improve the toolkit, .fig and .m file can be downloaded. 
 
 
The second order BMO algorithm assumes that reflection positions correspond to the 
local maxima in the second order BMO of the waveform. By operating second order BMO 
on given TDR waveforms and selecting correct local maxima, users can identify the 
reflection positions (Wang et. al., 2014). 
This toolkit allows users to determine the reflection positions either automatically or 
manually. In automatic mode, the program will output the results without requiring user 
inputs. However, in the manual mode, users need to set initial values for calculations. 
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Automatic mode is easiest to use, and some parameters, which will be mentioned below, can 
be used to adjust the performance of automatic mode. However, manual mode might be used 
when the automatic mode fails or cannot give correct answer. For example, Fig. 2.4. can be 
considered as an situation that using manual mode can also locate a interval containing the 
correct 𝑡2. 
Procedure of Analysis 
Step 1 Open the toolkit 
Before getting started, please make sure that both the .fig file and .p file (or .m file) are in 
the “Current Folder”. However, .p file and .m file may cause name confliction in MATLAB. 
Open MATLAB and run “TDR_2ND_BMO.m” or“TDR_2ND_BMO.p” file or just type 
TDR_2ND_BMO in the MATLAB command line to start the toolkit. 
Step 2 Prepare the data file 
Microsoft Excel file should be used to store the data set (Excel 2007 is acceptable for 
MATLAB 7 or upper).  
Sheet 1 will be used to store the waveform data, and each row represents a TDR 
waveform. The number of sampling points, #sample, can be identified automatically by the 
number of columns of data set in Sheet 1. And the number of measurement, #measure, can be 
identified automatically by the number of rows of data set in Sheet 1. 
Sheet 2 will be used to store the probe length that the user wants to use, the probe length 
data should be a column vector with the same dimension of #measure. 
Sheet 3 will be used to store the window length that the user wants to use, the window 
length data should be a column vector with the same dimension of #measure. It can be empty, 
but then the users cannot use the WINDOW_LENGTH option. 
Sheet 4 will be used to store the result. The first three columns will be the first reflection 
position (point index/time/effective length), the second three columns will be the second 
reflection position (point index/time/effective length), the seventh column will be the relative 
permittivity, the eighth column will be the VWC (volumetric water content)based on the 
Topp et al. (1980), and the ninth column will be a Boolean variable related to the “Mark” 
push buttons. 
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Step 3 Load the data file 
Use “FILE→OPEN” to load the data file. The toolkit contains an open window similar to 
Windows. After the user opens the file, the first waveform will be shown in the toolkit. 
Step 4 Setting Options 
 
In the setting group, users have some options to control the processing procedure. 
INDEX/TOTALNUM: shows the index of the waveform that the user is processing and 
the total number of the waveform data file. It also allows the users to input the index of the 
waveform. The program will jump to that waveform directly.  
MANUAL_FIRSTREF: gives the user an option to define the first reflection position 
from the figures directly. A red vertical line will appear in the figures and denote the first 
reflection position. The user can adjust the position of the first reflection position by using 
the slide-bar and the edit-box. 
SMOOTH (STRENGTH): gives users an option to use the smoothing pretreatment or 
not. The original waveform will be shown in blue, while the smoothed waveform will be 
shown in green. The user can adjust the smooth strength by using the slide-bar and the edit-
box. 
MARKED: gives users an option to use a Boolean variable (0 or 1) to indicate some 
waveforms. Waveforms maybe those that the toolkit cannot analyze well. 
<<PREVIOU and BEGIN/NEXT>>: can be used when users want to shift to the previous 
or next waveform. 
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Step 5 Do Analysis 
By pushing the “Automatic” push bottom, the automatic mode will be active. If the users 
have defined the first reflection, the program will find the second one; otherwise the program 
will find both of the reflection positions.  
By pushing the “Manual” push bottom, the manual mode will be active.  
If users have defined the first reflection, users will be required to input two points by 
clicking in the figures. The two points should roughly set an interval that contains the second 
reflection positions. To set the two points, we recommend users to see the second order BMO 
and select two points that include the peak (or local maxima) which may correspond to the 
reflection positions, and the program will try to find the maxima from the second order BMO 
plots inside of the interval defined by users.  
If users do not define the first reflection position, users will be required to input four 
points, where the first two points will be used to identify the first reflection position, and the 
last two will be used to identify the second reflection position. The method for setting the 
points is similar to the method described above. Just a reminder, the selection of “Smooth” 
will be used in this process.  
If the users do not select the “Smooth” option, the original data, i.e., the blue line, will be 
used to find the reflection positions. If the users select the “Smooth” option, the smoothed 
data, i.e., the green line, will be used to find the reflection positions. 
Step 6 Result representations and saving 
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The red lines in the figures will identify the reflection positions of the waveform. 
Because the plots are represented by piecewise linear functions and the real determination 
process uses a cubic-spline interpolation, the resulting red lines may not match the local 
maxima in the second order BMO exactly. The “Result” block in the interface on the bottom 
left will be used to show the results, but if the users reset the options or change the probe 
length, the results will be updated until the users run the processing again with new settings 
(i.e., click the AUTOMATIC and MANUAL bottoms). “FILE→SAVE” are used to save the 
file in Sheet 3 of the data files. 
Other Options 
AUTOSEQ_ALL &AUTOSEQ_ARBITRARY 
 
The toolkit provides two automatically sequential analysis options. After the user has set all 
of the appropriate parameters, running the “AUTOSEQ_ALL” makes the program go 
through the data file and analyzes all of the TDR waveforms. The 
“AUTOSEQ_ARBITRARY” option will pump out a dialog to allow the users to give the 
number of waveforms that the program should automatically go through. 
FIRSTREF 
 
The toolkit provides four methods to determine the first reflection position.  
FIRSTREF_SECOND_BMO: Use the second order BMO method to determine the first 
reflection. 
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FIRSTREF_TANGENT_LINE: Use the tangent line method to determine the first reflection 
position. 
FIRSTREF_TANGENT_HEAP: Use the local maxima to determine the first reflection 
position. 
FIRSTREF_MANUAL: Active the MANUAL_FIRSTREF in the setting group. 
PROP_SETTING 
 
The toolkit provides several property setting options.  
The VELOCITY_FRACTION_OF_PROPAGATION is the property of the coaxial cable.  
The SAMPLING_TIME is to set the sample frequency and use the time interval between 
adjacent sample points to determine the apparent length. 
The WINDOW_LENGTH is the use the window length data to determine the apparent 
length. 
CALIBRATION 
 
CALIBRATION option allows the users to calibrate the probe length. The users should first 
analyze the waveform, and then use the AUTO_CALI to pump out a dialog that asks a user 
to input the temperature. Then the effective probe length will be calculated. A user can select 
the calculated effective probe length and the probe length will be used in the following 
analysis. The probe will also be shown in the edit-box in result group. The 
RE_LOAD_PROBE_LENGTH option allows the users to reload the original probe length in 
the Sheet 2 of the data file. 
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General Remarks 
SMOOTHING 
Smoothing is an optional pretreatment that can be performed before taking second order 
BMO, and it is represented as green curves in the toolkit. By selecting smoothing, the 
original TDR waveforms will be smoothed, and the second order BMO curve will become 
“clean”. However smoothing causes the position of some maxima to shift a little bit. So the 
smoothing pretreatment is set as option for users. The slide bar allows the user to adjust the 
strength of smoothing. As the parameter increases, the smoothing strength increases. When 
the value of the slide bar equals to 0, no smoothing occurs. For a Tektronix 1502B cable 
tester data set, the smooth option is an optional choice. For a TDR 100 data set, the 
smoothing pretreatment is recommended before taking the second order BMO. 
SENSITIVITY 
Sensitivity is a parameter that represents how the program identifies the maxima of 
second order BMO curve. It should be between 0 and 1. As the sensitivity becomes larger, 
the program will become hyper sensitive and even tiny local maxima in the second order 
BMO curve may be picked for future analysis. Otherwise, the program will ignore small 
local maxima. So sensitivity can be considered as a post-smoothing process, which means 
smoothing after taking second order BMO. The empirical value for the sensitivity without 
smoothing pretreatment may be about 0.25, while for the analysis after smoothing 
pretreatment, the value of sensitivity may be about 0.5. 
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CHAPTER 4. GENERAL CONCLUSIONS 
 
This chapter provides general conclusions of numerical implement and effectiveness of a 
second order BMO method applied to TDR waveforms measured in laboratory experiments 
with a Tektronix 1502B cable tester (Tektronix Inc., Beaverton, OR). The key findings of 
this research are as follows:  
1. Second order BMO is an effective operator for determining the 𝑡2 on TDR waveforms, 
particularly for TDR waveforms measured with relatively short thermo-TDR probes. 
2. The comparisons show that the second order BMO method provides more plausible 
results than tangent line methods or AWIGF for some thermo-TDR waveforms. 
3. The results of second order BMO are dependent on two empirical parameters, 
sensitivity and smoothing strength. Thus, use of the second order BMO is not totally 
automatic for all kinds of TDR waveforms.  
4. In general, tangent line methods tend to provide more stable results than second order 
BMO. That is expected, because the tangent line methods use tangent lines, which ignore lots 
of waveform information near 𝑡2. 
5. Second order BMO with appropriate parameter settings is formally equivalent to 
AWIFG when applied to conventional TDR waveforms obtained from relatively long TDR 
probes. 
Based on the general conclusions, we provide the following recommendations for future 
studies:  
1. Manual settings are required for second order BMO to obtain plausible results, thus, 
some trials are needed to calibrate the parameters. That is, for a sequence of TDR waveforms, 
we recommend that users carefully analyze the first few waveforms to set appropriate 
parameters, and then use the parameters to do automatic analysis. 
2. The filter radius of the second order BMO operator is set as 3, i.e., n = 3 in Eq. [2.5]. 
This setting is default, and empirically, it can give an acceptable result of taking second order 
BMO. As the filter radius increases, the smoothing effect of the second order BMO operator 
increases and more detailed information of the TDR waveform is removed; as the filter 
radius decreases, small changes of the TDR waveform may lead to oscillations in second 
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order BMO curves Thus, a future work topic is to test the stability of the second order BMO 
operator with different filter radii, and to detect the sensitivity of the change of the second 
order BMO result to changes of the filter radius. 
3. Tangent line methods and AWIGF have advantages over second order BMO for 
automatic analysis. Thus, it may be valuable to seek a way to do TDR waveforms analysis 
with all three of the methods and compare the results to get an optimal result. For example, 
tangent lines may first be used to get a quick and easy guess for the 𝑡2, and then AWIGF can 
be used on waveforms obtained from relatively long probes and second order BMO can be 
used on waveforms obtained from relatively short probes to find the 𝑡2 based on the guess 
from the tangent line method. 
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